We will show that for every integer n > 3 there exists a free non-abelian group of linear isometries of the vector space ~ such that any subgroup fixing any point ~7 ~ 0 of O n is cyclic. Recall that two elements of F2 commute if and only if they belong to a cyclic subgroup of F2.
group SOn(Q) has a free subgroup F2 which acts in a locally commutative way on
Qn \ {6} andacts without fixed points on {~7 E Qn: 11~71l/v"~ ~ Q, ~7 ¢ 6}.
Notice that we can assume without loss of generality that q is a square-free integer. It can happen that the set {~7 E Q, : II~ll/v~ ~ Q, ~ ¢ 6} is empty, but for such q this is so if and only if n = 3 and q = 7(mod 8); see Ch. 20 in [8] or [16] . The problem if Theorem 0 is true for q = 1 is still open. Also the following problem is still open: Does there exist a free group F2 of isometrics of Q3 which acts without fixed points? [For R 3 the answer is yes; see [2] , [11] or Theorem 5.7 in [18] . For related material (also for the cases of R 2 and 2z2) see [6] , [I0] and [17] .] A similar theorem which was already proved in [15] will be used in the proof of Theorem 0:
Theorem 1. If n is a positive integer which is divisible by 4, then the group SOn(Q)
has a free subgroup F2 which acts without fixed points on Qn \ {0}.
(As conjectured in [14] and [16] , Theorem 1 should be true for all even n >4, and to prove this it would suffice to prove it for n = 6. Indeed every even n > 4 is of the form 4K or 4K + 6; hence we can construct the required free generators of F2 for such n by placing along the main diagonal matrices representing the free generators of F2 for n = 4 and n = 6. Again in the case of ~n the answer is positive for all even n>4, see [0] or [3] .)
Theorem 0 for n = 3 was already proved in [16] . Hence to prove it for all odd n > 3 it suffices to prove it for n = 5. Indeed every such n is of the form 4K + 3 or 4K + 5, hence one can construct the required free generators of F2 in SO, (Q) by placing along the main diagonal matrices representing the free generators of F2 for n = 4 and n : 3, or n = 4 and n = 5, where the case n = 4 is given by Theorem 1. Thus our proof will discuss only the case n = 5.
Corollary 0. For each n > 3 the group SOn(Q) has a free subgroup F2 which is lo-
cally commutative on Q n \ {6}.
Proof.
We use in a similar way the fact that each n > 3 is of the form 3K0+ 4Kl + 5K2 applying the cases n = 3, 4 and 5 of Theorems 0 and 1. [] Now we give four examples of applications of these theorems. Let G be a group of permutations of a set X, and A ~ B means that A is G-congruent to B, i.e., A, B~=X and there exists 7 6 G such that "y(A) = B. [This is due essentially to F. Hausdorff; for a stronger theorem of R.M. Robinson; see [12] [For more general theorems, see [9] .] Recall that, if X is a metric space, a set [This follows from a more general theorem of R. Dougherty and M. Foreman [4] and our Corollary 0. Indeed a statement similar to Example 3 for the real spheres x/'0~ n -1 = { ~ E ~n : 11~711 --CO}, where n > 3 and F2 _-__ SOn (R), follows from the theorem in [4] . So it suffices to pick F2 ~ SOn (Q) as in the Corollary 0 and to intersect their sets Ah and Bh with Qn.] Unlike for the case of the field R, the Examples 0-3 (which pertain to the field Q) can be proved without using the axiom of choice.
The author is greatful to Jan Mycielski for many remarks which improved this paper.
THE GENERATORS OFF2
As mentioned in the Introduction we can assume without loss of generality that n = 5 and that q is a positive integer. We can also assume that q is square-free and q ~ 1 (since x/~ ¢~ Q). Then there exist an odd primep and an integer b such that p is a divisor of 1 + b 2 but not of q, and q is a quadratic non-residue to the modulus p; see [16] (this is a special case of Satz 147 in [5] 
Thus a,/3 E SOs(Q). We will show that the group generated by a and/3 is a free group of rank 2 which satisfies the conclusion of Theorem 0. From now on, F2 denotes the group generated by a and/3. "..
= det T. T -l = 1 .tT,
where ~j is the cofactor of tj in T. We can get this lemma by a direct calculation: .
1,~_~ m--I [,[i+l+~(2r)]t[i+l+~(2r+l) 1 t[i+l+d(2r+l)]t[i+l+~(2r)],s(r, )
• " ~.'2rm_l+l 2rm-l+2 2rm-I+l ~2rm-l+2 / Proof. We can express the conclusion of the lemma in the following way:
• s(tO)s(rl
ifw is of the form ae' ... ~e then there exist P, Q, R, S and Mas above such that:
( (1 + b2)~Ww =-p~O, . t~o + Q~, . t~o + R~o, . t~2_6 + S~2, . ,~2 ,
PS -QR =-4 M-1
where
\eb/ Now we will consider four stages of complexity of w: w is a -1, /3-1, a or/3; w is a power of a or of/3; w is a product of a power of a and a power of/3; and w is an arbitrary non-trivial reduced word. We will use the following equations which are easy to check So we can choose P = S = 2, Q = R = 0, M = 2 and we obtain
PS-QR = 4 = 4M-1
If w = ask, we can show that -3 ,~3s).
Indeed, by the induction (1 q-b2)kol ek = (1 "4-b2) k-Iol¢(k-1) . (1 q-b2 )ol E -------Z"~2k-3,41~U e . t~l E-27/d E43 . t~3_e). 2(~ls . t~l E-_.}_ if3 e . t~3_e ) = So we put
and then Let w and w' be non-empty reduced words in F2. We will use the following relations: w ,-~ w' which means that w and w' have a common fixed point in Q5 \ {~}, and w ~ w' which means that w and w' commute (Thus the first part of Theorem 0 reduces to the implication w ~ w' =~ w '-, w').
PS -QR

[ (-e'~Pb 2 -R)(-e'6Sb 2 -O) -(-6Qb + 6Rb)(e'Sb -O) + (-e'6Qb z -O)(S + e'6Rb z) [ (S + e'SRb2)(O -e'Qb) -(e'Sb -0)(0 -Q) + (0 -e'eb)(-e'6Sb 2 -O) -[ (-e'6Sb 2 -O)(P -O) -(0 -Q)(O + et6Qb 2) + (-6Rb + 6Qb)(O -e'Qb
Remark. Notice that both ,-~ and ~ are equivalence relations on F2 \ {id}. For ,-~ this follows from Corollary 2. For ~ this follows from the fact that in a free group F2 two elements commute iff they belong to the same maximal cyclic subgroup; see p. 42, 6. in [7] .
Proposition 0. The purpose of this section is to prove the converse of the implication of Proposition 1. In the following three lemmas, the relations ~ and ~ mean the negation of ~ and _~ respectively, and we write w c_ w' if w is an initial segment of w', i.e., we can represent w' in the form wry without cancellation.
It is easy to see that each non-empty reduced word w E F2 can be inverted, cyclically permuted, and reduced such that it will be of one of the following six types 
